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We study the Casimir torque between two metallic one-dimensional gratings rotated by an angle
θ with respect to each other. We find that, for infinitely extended gratings, the Casimir energy is
anomalously discontinuous at θ = 0, due to a critical zero-order geometric transition between a 2D-
and a 1D-periodic system. This transition is a peculiarity of the grating geometry and does not
exist for intrinsically anisotropic materials. As a remarkable practical consequence, for finite-size
gratings, the torque per area can reach extremely large values, increasing without bounds with the
size of the system. We show that for finite gratings with only 10 period repetitions, the maximum
torque is already 60 times larger than the one predicted in the case of infinite gratings. These
findings pave the way to the design of a contactless quantum vacuum torsional spring, with possible
relevance to micro- and nano-mechanical devices.
I. INTRODUCTION
Fluctuations of physical quantities are ubiquitous in
nature. They provide valuable information on physical
systems and give rise to a large variety of phenomena,
ranging from phase transitions in condensed matter to
the origin and evolution of the universe. In quantum
physics the omnipresent quantum fluctuations of the elec-
tromagnetic field are associated with Heisenberg’s uncer-
tainty principle and can often cause spectacular macro-
scopic effects. They are at the origin of a force exist-
ing between any pair of polarizable neutral bodies sepa-
rated by vacuum. This phenomenon, known as Casimir-
Lifshitz effect [1, 2], was first theoretically discussed by H.
Casimir in 1948 in the configuration of two parallel per-
fectly conducting slabs [1] and later generalized by E. M.
Lifshitz to dielectric slabs [2]. This force has been exten-
sively studied both theoretically (mainly exploring the
role of temperature, geometry and material properties [3–
6]) and experimentally in several different configurations
[7]. The Casimir force, which is related to the spatial
variation of the Casimir energy, F = −∂zE(z), plays an
important role in the linear motion of small nano/micro
systems at sub-micron separations. Recently, much theo-
retical effort has been dedicated to the study of the force
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between gratings, i.e. periodically nanostructured sur-
faces [8–17]. Using a variety of theoretical frameworks,
several authors have highlighted the promising possibili-
ties offered by these structures in terms of modulation of
the force as a function of the grating geometrical features.
Moreover, these predictions have been tested in several
experiments involving two gratings, sphere–grating or
atom–grating configurations [18–24].
In addition to the normal Casimir force, vacuum fluc-
tuations are also exptected to generate a Casimir torque
between closely-spaced anisotropic bodies. Due to the
nanostructuration, one important feature of the well-
studied grating geometry is the breaking of the rotational
symmetry inherent to the configuration of two parallel
homogenous infinite flat surfaces. This leads to a further
dependence of the Casimir energy of the system E(z, θ)
on the angle θ between two gratings rotated with re-
spect to the common transversal z-axis [see Fig. 1(b)],
and thus to a torque τ = −∂θE(z, θ) between the two
structures, that is absent in the case of two flat homoge-
neous slabs. The existence and properties of this Casimir
torque has been a topic of intense theoretical interest
since the seventies [25–42], for both gratings and other
symmetry-breaking systems. Due to the smallness of the
effect, only very recently has the first measurement of
this torque been realized [43]. In these studies, one of
the main motivations was the intriguing possibility to
manipulate micro- and nano-objects by exploiting rota-
tions induced by the quantum vacuum, in addition to
Casimir attraction and repulsion [44, 45].
In this paper our starting point is the study of the
Casimir torque between two one-dimensional metallic
lamellar gratings, infinitely extending in the directions
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2FIG. 1: Geometry of the system: two one-dimensional peri-
odic lamellar gratings having period D and filling fraction f
and height h, placed at distance d along the z axis. The figure
shows two samples with n = 5 periods. (a) side view of two
aligned gratings. (b) top view of two gratings rotated by an
angle θ.
perpendicular to their separation. Remarkably, and dif-
ferently from what is commonly accepted and discussed
in previous predictions (see for instance [39]), we show
that for infinite gratings the Casimir energy manifests
an anomalous discontinuity at θ = 0 (i.e. when the grat-
ings are aligned). In particular, we see that the Casimir
energy shows a well-defined limiting behavior for θ go-
ing to zero, but this limit does not coincide with the
well-known result of two aligned gratings. We test our
findings with different numerical approaches, and physi-
cally explain this anomaly on the basis of the abrupt ge-
ometrical discontinuity of the number of crossing points
between the two rotated gratings: there is always an in-
finite number of them for any finite (however small it
may be) non-zero value of the angle θ, while they are
entirely absent at θ = 0. Based on this first finding we
infer that for finite-size gratings (i.e. finite extension in
the directions perpendicular to their separation), where
the number of crossing points gradually tends to zero for
small angles θ, the Casimir energy would tend contin-
uously to its value at θ = 0. Nonetheless, the θ = 0
anomaly for infinite systems serves as the limiting case
for the behavior of the Casimir energy for finite systems,
in particular at small angles, where the Casimir energy
remains a continuous function (even at θ = 0) but tends
to mimic the discontinuity observed for infinite gratings
via a steeper and steeper behavior close to θ = 0 as the
system size increases. This implies a giant value of the
torque per area at small tilting angles between finite-size
gratings, increasing without bounds as long as the finite-
grating size increases. We then confirm these predictions
by numerically studying the Casimir energy and torque
between finite-size gratings. In particular, we show the
existence of a very pronounced peak of the torque for
small angles, with an amplitude which rapidly increases
with the size of the system. Based on a simple model
to determine the smallest angle at which the two grat-
ings cross each other, we give an estimate of the position
and of the amplitude of this peak as a function of the
system size. In addition, for finite-size gratings we also
find oscillations of the Casimir torque, which can remark-
ably change its sign. We find that the amplitude of these
oscillations decreases as the size of the system increases.
II. RESULTS
A. Infinite system: the θ = 0 anomaly of the
Casimir energy
Let us consider in this section the case of infinitely ex-
tending gratings, a system which is strictly periodic. The
configuration we consider is made of two identical gold
gratings placed at distance d (along the z axis), charac-
terized by their period D, their height h, and their filling
fraction f [fD being the part of the period D filled with
material, see Fig. 1(a)]. In the following we will con-
sider the distance d = 100 nm, and focus on two identical
gratings having D = 400 nm, h = 200 nm and f = 0.5.
The optical properties of gold are described in terms of
a Drude model ε(ω) = 1− ω2p/ω(ω+ iγ), with ωp = 9 eV
and γ = 35 meV [47]. Grating 2, on top of grating 1 in
Fig. 1(b), is rotated by an angle θ with respect to grat-
ing 1. The energy between the two gratings is calculated
by exploiting a general theoretical framework for the cal-
culation of the Casimir force and radiative heat transfer
between two arbitrary bodies based on the knowledge of
their individual scattering operators [48, 49]. At thermal
equilibrium at a temperature T such that the photon
thermal wavelength λT = ~c/(kBT )  d = 100 nm (for
T = 300K, λT ≈ 7.6µm), the purely quantum vacuum
fluctuations largely dominate over the thermal fluctua-
tions, and the Casimir energy per unit surface can be
calculated using the T = 0 expression
E =
~
8pi3
∫
dξ
∫
d2k ln det
[
I−R1(iξ)e−KdR2(iξ)e−Kd
]
,
(1)
3which requires an integration over the imaginary frequen-
cies ω = iξ and over the parallel wavevector k = (kx, ky).
The properties of the two bodies are taken into account
through their reflection operators R1 and R2, whereas
the distance d separating them appears only in the two
exponential factors, where K is a diagonal operator hav-
ing elements equal to the z component of the total
wavevector κ =
√
ξ2/c2 + k2. One key point in the cal-
culation is the choice of a suitable basis with respect to
which the integrals in Eq. (1) are computed. As sug-
gested in [39], it is convenient to rewrite the wavevector
k as
knm = k +
2pi
D
(neˆx +meˆx′), (2)
where we have introduced the two integer indices n,m
and the unit vectors eˆx and eˆx′ , representing the period-
icity axes of the gratings 1 and 2, respectively (eˆx′ thus
forms an angle θ with eˆx). If n and m span all integer
values, it can be easily shown that knm covers the entire
(kx, ky) plane if k is limited to the first Brillouin zone
(FBZ) defined as
− pi
D
≤ kx ≤ pi
D
,
−kx cot θ − pi
D sin θ
≤ ky ≤ −kx cot θ + pi
D sin θ
,(
kx − 2pi
D
)
tan
θ
2
≤ ky ≤
(
kx +
2pi
D
)
tan
θ
2
.
(3)
This redefinition of the wavevector results in a simpler
construction of the reflection matrices R1 and R2. As a
matter of fact, apart from the conservation of frequency
coming from time invariance, the periodicity on the two
axes implies that both operators conserve the wavevec-
tor k, and that R1 (R2) connects different values of n
(m), while it is diagonal with respect to m (n). Finally,
it is important to stress two important issues concern-
ing this choice of basis. First, the area of the FBZ is
4pi2 sin θ/D2, making the calculation more and more in-
volved for small angles. Moreoever, the redefinition given
in Eq. (2) is not applicable for strictly vanishing θ. In
this case we are forced to use the more common def-
inition kn = k + 2pin/D eˆx, and the FBZ simply be-
comes −pi/D < kx < pi/D, whereas ky takes all real
values. We stress at this stage a fundamental difference
between the configurations θ = 0 and θ 6= 0. While for
two aligned gratings the y component ky of the wavevec-
tor is strictly conserved in any scattering process, this
conservation law is lost even for a small non-vanishing
value of the rotation angle θ, since [see Eq. (2)] changing
the value of the diffraction order m modifies the values
of both kx and ky. This breaking of conservation of the
component ky of the wavevector in a 2D-periodic infinite
system is the principal reason for the zero-order geomet-
ric transition between a 2D- and a 1D-periodic infinite
system at θ = 0. Finally, we note that in the follow-
ing the calculation of the reflection matrices for infinite
periodic gratings is based on the Fourier Modal Method
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FIG. 2: Angle-dependent Casimir energy per unit surface be-
tween two infinite gold gratings (see text for grating param-
eters) at distance d = 100 nm. The black dot-dashed line
corresponds to the energy for all angles θ 6= 0, while the black
dot shows (not in scale on the vertical axis) the energy be-
tween two aligned gratings (θ = 0) calculated with a theo-
retical framework not allowing rotation. The inset shows the
torque as a function of θ for θ 6= 0.
(FMM) [50, 51]. We remark that, while the integration
domain with respect to k in Eq. (1) is finite, the number
of diffraction orders appearing in Eq. (2) necessary to
cover the entire k space is in principle unbounded. One
thus needs, in any practical numerical implementation of
the method, to truncate the Fourier series to a maximum
diffraction order Nmax, called hereafter truncation order.
If both n and m in Eq. (2) are limited to Nmax, the reflec-
tion matrices R1 and R2 appearing in Eq. (1) have size
2(2Nmax + 1)
2 × 2(2Nmax + 1)2. Due to the dependence
of the size of the FBZ on the rotation angle θ, Nmax is a
function of θ as well. To give an idea of the truncation
order needed in our calculations, we give here two differ-
ent scenarios: for θ = 5 deg we have chosen Nmax ' 60,
while for θ = 90 deg we have taken Nmax ' 5.
The results obtained with the FMM have been verified
by means of an independent numerical code, in which
a modification to the FMM known as Adaptive Spatial
Resolution (ASR) has been implemented. This tech-
nique, originally introduced to improve the convergence
of the method and to overcome the instabilities observed
in particular in the case of metallic gratings [52, 53], has
been recently employed to calculate the radiative heat
transfer between two gold gratings [54]. For the physical
system studied in this work, it has given results in agree-
ment (within the numerical precision) with the ones of
the FMM.
Our first numerical results for this configuration are
shown in Fig. 2, where the energy per unit surface (and
the associated torque, in the inset) is plotted as a function
of the angle θ between the gratings. We recognize imme-
4diately that the torque tends to zero for the two extreme
angles θ = 0, 90 deg, an expected result from the sym-
metry of the system. For intermediate angles, the energy
and the torque have a smooth behavior, similar to the one
observed in [39]. For the Casimir energy, it is natural to
compare the limit for θ going to zero (obtained within
the theoretical framework adapted to rotated gratings)
to the result obtained for perfectly aligned gratings. As
shown in Fig. 2, the latter (the black point, not in scale
on the vertical axis) takes on a different value compared
to the former, far beyond the numerical error (of the or-
der of 1% for both results). We will call this jump of
the Casimir energy the θ = 0 anomaly. Because of this
discontinuity, the torque is strictly speaking not defined
at θ = 0 for infinite gratings, while it is defined for any
θ 6= 0 and tends to zero for θ → 0 .
This intriguing feature has never been pointed out in
previous studies of the Casimir torque. In [39], based on
the assumption of a continuous behavior of the Casimir
energy at θ = 0, a continuous interpolation function has
been used to join the energy at finite θ with the energy
at θ = 0 (see Fig. 2 in [39]), resulting in a Casimir torque
which, as we will see, is completely different both qualita-
tively and quantitatively from what we found. This has
dramatic consequences on the Casimir torque between
finite-size systems. The reason for the appearance of this
anomaly is the breaking of conservation of the ky compo-
nent of the wavevector in reciprocal space due to rotation
of the system and, as a result, the fundamental change
of the structure of reciprocal lattice space.
To explain the θ = 0 anomaly, it is instructive to con-
sider the physics produced by the relative rotation of the
two gratings. Let us first focus on the scenario of two
infinite gratings, rotated by a non-vanishing angle θ. In
this case, a given grating line (the axis of a raised part
of the grating) of grating 2 [say, e.g., the one passing
through the origin of the x− y place for any θ, as shown
in Fig. 1(b)] makes an infinite number of intersections
with the gratings lines of grating 1 and, remarkably, this
is the case for any value (even extremely small) of θ.
This means that, for infinite-size gratings, passing from
a finite (albeit small) value of θ to a strictly θ = 0 value
implies passing from a configuration with an infinite num-
ber of crossing points to a configuration with zero cross-
ing points (the two gratings are perfectly aligned when
θ = 0). This critical behavior is at the origin of the θ = 0
anomaly, and can be interpreted as a transition from a
2D-periodic to a 1D-periodic system. It is absent in all
intrinsically anisotropic materials and is a peculiarity of
the infinite 1D-grating geometry. Moreover, this jump of
the energy at θ = 0 no longer occurs in the case of two
finite-size gratings. In particular, for two finite identical
square gratings [the configuration shown in Fig. 1(b)], we
can define an angle θ0 below which no intersection takes
place between different grating lines of the two rotated
gratings. The configuration drawn in Fig. 1(b) corre-
sponds exactly to θ = θ0. In this finite-size scenario the
number of crossing points becomes zero for θ < θ0, dif-
ferently from the infinite-grating configuration.
We hence expect different behaviors between two finite
and two infinite gratings for angles around and below θ0.
In particular:
(a) At exactly θ = 0, both infinite- and finite-size grat-
ings have no crossing points. Hence if the finite-size
gratings are large enough, the Casimir energy will
tend to the one for infinite gratings;
(b) For angles θ ' θ0, two sufficiently large finite gratings
show a large number of crossing points, hence we also
expect that the Casimir energy (and torque) will tend
to the one for infinite gratings;
(c) For 0 < θ  θ0, the behavior of the finite size grat-
ing is distinct from the infinite one, in contrast to
(a) and (b). Indeed, for finite gratings there are no
crossing points between the two gratings, while for
infinite gratings we have an infinite number of cross-
ing points. We hence expect that the Casimir energy
for finite-size gratings would tend continuously to its
value at θ = 0, not showing any discontinuous jump
at θ = 0, contrarily to what happens in the infinite-
gratings scenario we already discussed in this section;
(d) The position of θ0 depends on the size of the gratings,
and decreases if the grating size increases.
The result of the combination of these four consid-
erations is that, for finite-size systems, in the region
0 ≤ θ / θ0 the Casimir energy is continuous and the
dependence on theta becomes steeper and steeper as the
system size increases. This means that the torque per
area will exhibit a peak, the height of which increases
without bounds when the system size tends to infinity.
B. Finite size system: giant Casimir torque
In order to confirm the predictions we described at the
end of the previous section, we focus now on the case
of two finite gratings. We consider two different finite-
size configurations, namely having circular or square sec-
tions, and compute the energy and the torque for differ-
ent values of the number n of repetitions of the period D
along the periodicity axis (n = 5 in Fig. 1). In the case
of circular gratings, a given n is associated with a ra-
dius R = nD/2, while for square gratings it corresponds
to a lateral size L = nD. The interest of considering
the circular geometry is that its cylindrical symmetry
safely ensures that, as in the case of infinite gratings, the
absence of the nanostructuring makes the energy angle-
independent and thus gives a vanishing torque. In this
respect, it is thus more natural to choose this geome-
try in order to study the limit of infinite size. On the
other hand, the corners of the square shape will induce a
non-vanishing torque even in the absence of a nanostruc-
turing. This geometry will then provide us with a differ-
ent interesting insight into geometry-induced finite-size
5FIG. 3: Casimir energy per unit surface between two finite
gold gratings having n = 5 (red dashed line for two circular
gratings having R = 1µm, blue dashed line for two square
gratings having L = 2µm) or n = 10 (red solid line for two
circular gratings having R = 2µm, blue solid line for two
square gratings having L = 4µm) unit cells placed at a dis-
tance d = 100 nm. The black dot-dashed line corresponds to
two infinite gratings. We stress that here, unlike the result
shown in Fig. 2, there is no discontinuity in the limit of θ go-
ing to 0. The inset shows the Casimir energy per unit surface
(in absolute value) for θ = 0 deg (upper curve) and θ = 90 deg
(lower curve) as a function of the radius R of the finite circular
grating. The red points obtained numerically are fitted with
a function A+B/R (red dotted lines). The asymptotic values
for R→∞ (red dots, not in scale on the horizontal axis) are
compared with the ones obtained theoretically for an infinite
grating (black dots). All the points are represented with the
error bars coming from the respective numerical techniques.
effects. In the square-shape configuration, the analytical
expression of the angle θ0 can be calculated by simple
trigonometric arguments. For small θ0, this can be ap-
proximated (in degrees) as θ0(n) ' (180/pi) arctan(1/n),
going to zero as expected for increasing n.
In the configuration of two finite gratings, numerical
computations were performed using scuff-em, a free,
open-source software implementation of the boundary-
element method [55, 56]. As a first important consis-
tency test, we calculate the Casimir energy for the two
extreme angles θ = 0, 90 deg for two circular gratings as
a function of their radius R. The results are shown in
the inset of Fig. 3. In order to extrapolate the results for
two infinite gratings, both sets of points have been fitted
with a model curve A+B/R. The two fitting curves give
a good description of the behavior as a function of R,
and the extrapolated limit A is shown (with associated
error bar) in the same curve, not in scale on the hori-
zontal axis. The two values of A (for θ = 0, 90 deg) are
compared to the results obtained with the previous ap-
proach (for infinite gratings), showing that there is good
agreement with the code for rotated infinite gratings for
θ = 90 deg, and with the code for non-rotated gratings
for θ = 0 deg. Apart from providing an important consis-
FIG. 4: Casimir torque per unit surface between two finite
gold gratings having n = 5 (red dashed line for two circular
gratings having R = 1µm, blue dashed line for two square
gratings having L = 2µm) or n = 10 (red solid line for two
circular gratings having R = 2µm, blue solid line for two
square gratings having L = 4µm) unit cells placed at a dis-
tance d = 100 nm. The black dot-dashed line corresponds to
two infinite gratings, multiplied by a factor of 10 in order to
make it more visible.
tency check between the two approaches, this comparison
represents a first quantitative confirmation of our phys-
ical intuition about the significantly different behavior
for small angles between finite and infinite gratings. The
main part of Fig. 3 shows the energy per unit surface
as a function of the rotation angle θ for two finite circu-
lar or square gratings, having n = 5 and n = 10 repeti-
tions, respectively. Several remarks are in order. We first
note that, both for circular and square gratings, moving
from n = 5 to n = 10 repetitions modifies quantitatively
and qualitatively the curves. We also observe that for
the extreme angles θ = 0, 90 deg they move towards the
infinite-grating results. Moreover, the θ = 0 anomaly is
not present in any of these curves, as expected for finite
gratings. Furthermore, the comparison between circular
and square gratings of the same size directly gives a sig-
nature of the role played by geometry in the finite-size
scenario. In the case of circular gratings, the energy is
increasingly flat for angles close to θ = 90 deg, starting
to mimic the behavior of the infinite-grating configura-
tion (black dot-dahsed line in Fig. 3). On the contrary,
even increasing the value of n, in the case of square grat-
ings the shape of the energy as a function of the rotation
angle is still significantly different from the one associ-
ated with two infinite gratings. Finally, concerning the
difference between the energy for circular gratings hav-
ing n = 10 repetitions and the infinite-grating case, we
attribute this disagreement to the relatively small size
of the finite systems considered here, that is limited by
computation resources.
The torques per unit surface corresponding to the en-
ergies analyzed so far are shown in Fig. 4. In the case
6of square gratings, we observe that the behavior of the
energy, significantly different from the one of two infinite
gratings, gives rise to several crossings with the horizon-
tal axis, i.e. the torque changes sign several times be-
tween 0 and 90 deg. This oscillating feature is drastically
different from the behavior in Fig. 2, where the torque is
always negative, i.e. always tends to bring the gratings
toward the configuration θ = 0 deg. On the contrary, the
behavior of the torque between circular gratings is flatter
around θ = 90 deg, and shows a much higher agreement
with the torque between infinite gratings (note that the
latter is multiplied by a factor of 10 in Fig. 4). We now
focus on the most interesting part of these curves, i.e.
the region close to θ = 0 deg where, according to our
previous analysis, finite-size effects are supposed to be
more pronounced. Not only is this behavior very differ-
ent from the infinite-grating scenario, but the position
and the height of the negative peak in the torque is rea-
sonably independent of the geometry. We stress that
the first (negative) peak of the torque is also its global
maximum (absolute) value in the entire range [0, 90] deg.
Figure 4 shows us that, when the size of the grating in-
creases, the torque close to θ = 0 deg shows an increas-
ingly deep peak (deviating more and more from the result
for infinite gratings), while we expect the behavior on a
larger angle region close to 90 deg to mimic the infinite
gratings. We remark that the deep peak in the torque
is associated with a slope of the energy as a function of
θ (see Fig. 3) which becomes steeper and steeper as n
increases. It is remarkable that already with n = 10 pe-
riod repetitions we observe a maximum torque which is
50 (circular grating) to 60 (square grating) times larger
than the one obtained for infinite gratings. The emer-
gence of this maximum of torque for finite-size systems,
which we predicted on the basis of the infinite-size cal-
culations (see Sec. II B) is hence confirmed, and is one of
the main results of our work.
In order to reinforce our analysis about the connec-
tion between this torque enhancement and finite-size ef-
fects we go back to our simple geometrical interpretation
presented above. We observe that the critical angle θ0
(below which no intersection between grating lines oc-
curs) equals θ0 ' 11.3 deg for n = 5 and θ0 ' 5.7 deg for
n = 10 period repetitions. We now want to show that this
angle (whose value is purely based on geometrical argu-
ments) represents a good estimate of the angle at which
the large negative peak of the torque occurs. To this aim,
we graphically estimate from Fig. 4 the width ∆θ of first
angular region (x-axis) of negative torque including the
largest negative peak. The width of this region is almost
independent of the grating section (circle or square) and
is around ∆θ = 21 deg for n = 5 (red and blue dashed
lines in Fig. 4) and ∆θ = 9.5 deg for n = 10 (red and blue
solid lines in Fig. 4). If we consider half of these values as
a good estimate of the angle associated with the largest
negative torque, we clearly see that ∆θ/2 ' θ0, confirm-
ing the validity of our geometrical picture.
Based on this simple model, we are able to provide an
estimate of the maximum torque associated to a given
grating size (or number n of period repetitions). This
estimate coincides with the local maximum in the region
[0, 2θ0] of negative torque. To this end, we start by build
a fitting function f(θ) for the energy associated with a
finite grating. Coherently with the vanishing torque, we
impose zero derivative at θ = 0, 2θ0. Concerning f(0), we
impose the value given by the function A+B/R shown in
the inset of Fig. 3. Finally we approximate f(2θ0) with
the value of the energy for an infinite grating at the same
angle. We stress that this value, as shown in Fig. 3 is
lower than the one for a finite grating for θ ' 10 deg. As
a consequence, we will obtain a conservative value for the
maximum torque, lower than the one actually observed
for a finite grating. The simplest function able to satisfy
these four conditions is a third-order polynomial, from
which we estimate the maximum torque as the opposite
of the derivative of the fitting function −f ′(θ0) calculated
in the middle of the interval. This procedure gives us an
approximate expression τmax ' −56R (R expressed in
µm, τ in nN/m) of the maximum torque, linearly growing
as a function of the radius R, which is more and more
accurate as the R→∞. Already for small systems with
n = 10 period repetitions, corresponding to R = 2µm,
we obtain τmax ' −112 nN/m, of the same order of the
value close to −200 nN/m shown in Fig. 4.
III. CONCLUSIONS
We have shown that the Casimir energy for infinite
gratings is discontinuous and displays an anomalous
jump at rotation angle θ = 0. We explained this behavior
in terms of a critical zero-order transition between a 2D-
periodic and a 1D-periodic system, and showed that this
gives rise to a Casimir torque which is both qualitatively
and quantitatively different from what was previously
predicted. On the basis of these unexpected findings we
studied the Casimir energy and torque for finite-size sys-
tems. We showed that they exhibit new and strikingly
different features: several sign changes and a giant torque
per unit area at small angles, whose amplitude remark-
ably increases without bounds with the size R of the sys-
tem, and in particular linearly with R for large system
sizes. We showed that for finite gratings with only n = 10
period repetitions, the maximum torque is already 50-60
times larger than the one predicted in the case of infinite
gratings. We explained this giant torque and studied its
tunability. These findings offer a comprehensive study
of the Casimir torque with respect to system size. The
giant Casimir torque paves the way to the possibility of
an experimental measurement of the rotational effects in-
duced by quantum fluctuations across a vacuum gap and
to new opportunities to exploit the vacuum field to real-
ize a contactless quantum vacuum torsional spring, with
promising applications in micro- and nano-technological
systems and devices.
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